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Reference model based data-driven control
Given data from the system P, design K such that the resulting closed-loop is as close
as possible to the reference model M

Main techniques:
_____ Reference model M~ > Iterative Feedback Tuning (IFT)
» Correlation-based Tuning (CbT)
» Virtual Reference Feedback Tuning (VRFT)
» Loewner Data-Driven Control (L-DDC)

P22 Laplace




Overview of these methods - CbT a‘rji\ IFT

|| PK(9) 2
T ere) Y,
K(0,8)2b0+b18++bn8

l1+ais+---+aps”
u(t) = ()70

link with closed-loop identification
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Overview of these methods - CbT and IFT‘]‘

m'n PK(Q) M 2 't -------------- u_ ____________ ‘I w
PlepEe T, i K(O) || system]--
K(g,s):b0+b15+'“+bns ______________________________ :
1+ais+---+a,s®
M

u(t) = ®(t)T0

Reference model

PK(0
CbT: ¢(s) = (M - 1+P—I((()9)) r(s) + mw(s) > moinRrs(Q)

link with closed-loop identification

Iterative correlation-based controller tuning, Karimi et al. (2004).
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Overview of these methods - CbT and IFTk

. PK(0) 2 e e

_PK(©O) ;
T prE M , i K@) systom] -

K(g,s)_b0+b18+~--+bns _____________________________ _ :

S ldast oA apst
u(t) = ®(t)T0

Reference model

PK(6
CbT: £(s) = (M - —1+P,§(39)) r(s) + T v(s) > minR,. (0)
. Oe o PK(0 .

link with closed-loop identification

Iterative correlation-based controller tuning, Karimi et al. (2004).
Iterative feedback tuning: theory and applications, Hjalmarsson et al. (1998).
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Overview of these methods - VRFT
VRFT

2 =

. PK(0 =

min 4 - M
0 ||1+PK(9) 5
_ T
K(0,z)=®(z)" 0
Virtual reference feedback tuning: a direct method for the design of feedback controllers, Cam% 002).
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Overview of these methods - VRFT NN
Reference model- M

................................

|| PK(@® ? 7 Sys :
meln HP—;{EG) - M , Vim;\ilrlffir;ncei E( i

K(0,2) = ®(2)"0

From a single trajectory (ug, yx)k=1..N:

1. Compute virtual reference r*: Mr* =y

Virtual reference feedback tuning: a direct method for the design of feedback controllers, Cam% OO%Iace
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Overview of these methods - VRFT

Reference model M

2 r* i * S x
. PK(0) A () k* System :
min —9 - M Virtual reference: > T
¢ 1+ PK( ) 2 Mr*=y ! i
K,z =% e
From a single trajectory (ug, Yk )k=1...N:
1. Compute virtual reference r*: Mr* =y
2. Compute virtual error e* =1r* — y
Virtual reference feedback tuning: a direct method for the design of feedback controllers, Cam% 2002
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Reference model-M

Overview of these methods - VRFT N\
VRFT

PK(6 2 ) u =
min 4 - M Virtual reference! K* SyStem y
¢ 1+PK(9) 2 Mr* =y i - :
K0,2)=o=% T '
From a single trajectory (ug, yx)k=1..N:
1. Compute virtual reference r*: Mr* =y
2. Compute virtual error e* =1r* — y
3. Filter to get e} and ur,
PK(6 PK(6 PK* P(K(0) — K*
© _,,__PK®) L PUSEO) =K o e

1+ PK(0) T 1+PK(@®) 1+PK*  1+PK*

Virtual reference feedback tuning: a direct method for the design of feedback controllers, Cam% 20a0%|ace
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Reference model-M

Overview of these methods - VRFT \\
VRFT

PK(6 2 AW\ NSNS v
min 4 - M Virtual reference! K SyStem y
o |1+ PK(Q) 2 Mr* =y i - :

_________________________________

K(0,2) = ®(2)"0

From a single trajectory (uk, Yx)r=1..N: minJY 2T ()

0
1. Compute virtual reference r*: Mr* =y VRFT(g) " o H2
L— 7ll5
2. Compute virtual error e* = 1r* —y
JJ‘V/RFT(O) N_) JVRFT(Q) _ .](9)

3. Filter to get e} and ur, e

, Virtual reference feedback tuning: a direct method for the design of feedback controllers, Cam% OOi:;Iace
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Overview of these methods - L-DDC \

Reference model-M

|| PK(8) ? ST E——— |
min || ————2—~ — M e W * Y y
0 1+ PK(H) 2 Virtual referencei K SyStem -
Mr*=y | ;
“Free” controller structure (LTI) N J
. _PK* __ N — K* )
L-DDC: 1+PK* — M — K(’LOJZ) =K (’LOJZ)

Other sysid/approximation techniques can be used (subspace for instance

Interpolation-based irrational model control design and stability analysis, Poussot-Vassal, Kergus, Vuillemin
(2022).
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Discussion N\
» These approaches consist in approximating the ideal controller K*
PK*
1+ PK*

Data-Driven Control: Part Two of Two: Hot Take: Why not go with Models?, F. Dérfler, IEEE Control

Systems Magazine, 2023
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Discussion
» These approaches consist in approximating the ideal controller K*
PK*
1+ PK*

» There are underlying assumptions on the ideal controller:
» |t is in the controller set — 3 0*: K(6*) = K*

Data-Driven Control: Part Two of Two: Hot Take: Why not go with Models?, F. Dérfler, IEEE Control

Systems Magazine, 2023
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Discussion
» These approaches consist in approximating the ideal controller K*

PK*
1+ PK*

» There are underlying assumptions on the ideal controller:

» |t is in the controller set — 3 0*: K(6*) = K*
> |t gives internal stability — no compensation of unstable poles or RHP zeros!

Data-Driven Control: Part Two of Two: Hot Take: Why not go with Models?, F. Dérfler, IEEE Control

Systems Magazine, 2023
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Discussion
» These approaches consist in approximating the ideal controller K*

PK*
1+ PK*

» There are underlying assumptions on the ideal controller:

> It is in the controller set — 3 6*: K(0*) = K*
> It gives internal stability — no compensation of unstable poles or RHP zeros!

» Choose wisely the reference model!

Data-Driven Control: Part Two of Two: Hot Take: Why not go with Models?, F. Dérfler, IEEE Control

Systems Magazine, 2023
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Discussion
» These approaches consist in approximating the ideal controller K*

PK*
1+ PK*

» There are underlying assumptions on the ideal controller:

> It is in the controller set — 3 6*: K(0*) = K*
> It gives internal stability — no compensation of unstable poles or RHP zeros!

» Choose wisely the reference model!

» All the presented methods (CbT, IFT, VRFT, L-DDC) are strongly linked to
system identification

So why not go with models?

» Overcoming complexity (high dimension, non-linearities, uncertainty)

Data-Driven Control: Part Two of Two: Hot Take: Why not go with Models?, F. Dérfler, IEEE Control

Systems Magazine, 2023
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Application to infinite dimensional systems

O W"."jj.::\,q;h,,n,c

g
(High-order system P] L\;”, e

Use P

\ 4 1 1

' High-order K

1 Robust control of infinite dimensional systems: frequency-domain methods, Foias, Ozbya, Tannenbuam, 1969
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Application to infinite dimensional systems
_ W"‘,:j-;."‘jq‘h““'c

(High-order system P] L\;],h e

Use P (Use reduced-model P,J

\ 4 A 4 1

' High-order K Low-order K,

1 Robust control of infinite dimensional systems: frequency-domain methods, Foias, Ozbya, Tannenbuam, 1969
2 Control of systems governed by partial differential equations, Morris, Levine, The control theory handbook,
2010.
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Application to infinite dimensional systems

O Go j- 1 jq‘h“n.c

(High-order system P] b

Model-based control

1 Robust control of infinite dimensional systems: frequency-domain methods, Foias, Ozbya, Tannenbuam, 1969
2 Control of systems governed by partial differential equations, Morris, Levine, The control theory handbook,
2010.
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Application to infinite dimensional systems
_ W"‘,:j-;."‘jq‘h““'c

(High-order system P] L\;],h e

» Model Order Reduction is essential

Model-based control

1 Robust control of infinite dimensional systems: frequency-domain methods, Foias, Ozbya, Tannenbuam, 1969
2 Control of systems governed by partial differential equations, Morris, Levine, The control theory handbook,
2010.
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Application to infinite dimensional systems

(High-order system P]

Use P

y A4

Y
' High-order K ' Low-order K,

Model-based control

[Use reduced-model P,]

Use data

A 4

Low-order K, | :

Data-driven control

» Model Order Reduction is essential

» and it can also be used for
data-driven control.

1 Robust control of infinite dimensional systems: frequency-domain methods, Foias, Ozbya, Tannenbuam, 1969
2 Control of systems governed by partial differential equations, Morris, Levine, The control theory handbook,

2010.

3 From reference model selection to controller validation: Application to Loewner Data-Driven Control, Kergus,

Olivi, Poussot-Vassal, Demourant, IEEE Control Systems Letters, 2019.
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Case studv: the continuous crystalliz\er‘ \

> Goal: stabilize the plant around c¢ss = 4.09mol /L
» Unstable system and sustained oscillations
» Linearization of the PDEs around css

CAc(s) pra(s)
P = Ko ) = pa(e) + aras)e "™ + rrals)e e

A mathematical model for continuous crystallization, Rachah, Noll, Espitalier, Baillon, 2016.
Hoo-Control of a continuous crystallizer, Vollmer, Raisch, 2001.
g/32  Structured Hoo-control of infinite dimensional systems, Apkarian, Noll, 2018. )ﬁ Laplace




Case studv: the continuous crystallizer

- /Lq,hf,n,c > Goal: stabilize the plant around cgs = 4.09mol /L
q,¢; e, &
e » Unstable system and sustained oscillations
/ » Linearization of the PDEs around css
A
pley— Aels) _ pras)

© Acp(s)  pis(s) + qua(s)e 1 4 ria(s)e ke
L'),hp,n,c
Frequency-domain data easily accessible — ideal case for L-DDC

N = 500 frequencies, logspaced between 1072 and 1 rad.s~!

A mathematical model for continuous crystallization, Rachah, Noll, Espitalier, Baillon, 2016.
Hoo-Control of a continuous crystallizer, Vollmer, Raisch, 2001.
g/32  Structured Hoo-control of infinite dimensional systems, Apkarian, Noll, 2018. )& Laplace




Case studv: the continuous crystallizer

"’ —/]q/,hf,n,c > Goal: stabilize the plant around cgs = 4.09mol /L

q,C¢ ok
e » Unstable system and sustained oscillations

8/32

» Linearization of the PDEs around css
P(S) _ AC(S) _ p12(5)
Acy(s)  p13(s) + qra(s)e %k + ria(s)e5k»

Kf h ,n,c
Lhy,n,
Frequency-domain data easily accessible — ideal case for L-DDC

N = 500 frequencies, logspaced between 1072 and 1 rad.s~!

{P(iw;)} W[Approximate K* ]—-[Reduction of K

performant Loewner interpolation Under internal
AND reachable stability constraint
(Instability estimation)

A mathematical model for continuous crystallization, Rachah, Noll, Espitalier, Baillon, 2016.
Hoo-Control of a continuous crystallizer, Vollmer, Raisch, 2001.
Structured Hoo-control of infinite dimensional systems, Apkarian, Noll, 2018. )ﬁ Laplace




Step 1: Building a reference model

{ yZTiP(zi) =0 (RHP zeros) { yZLTM(kzz-) =0
M(P;)¥p, =¥,

¥p,P(pj) =00 (RHP poles)
Achievable closed-loops satisfies interpolatory conditions at the RHP poles and zeros

Achievable performance of multivariable systems with unstable zeros and poles, Havre, Skogestad, 2001.
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Step 1: Building a reference model ‘
{ yZTiP(zi) =0 (RHP zeros) { yZLTM(kzz-) =0
¥p,P(pj) =00 (RHP poles) M(pj)ypj =V

Achievable closed-loops satisfies interpolatory conditions at the RHP poles and zeros
Is the system stable or unstable?

Achievable performance of multivariable systems with unstable zeros and poles, Havre, Skogestad, 2001.
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Step 1: Building a reference model ‘
{ yZTiP(zi) =0 (RHP zeros) { yZLTM(kzz-) =0
M(P;)¥p, =¥,

¥p,P(pj) =00 (RHP poles)
Achievable closed-loops satisfies interpolatory conditions at the RHP poles and zeros
Is the system stable or unstable?

Plw) = Pylw) 4+ Puslw)

Achievable performance of multivariable systems with unstable zeros and poles, Havre, Skogestad, 2001.
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Step 1: Building a reference model

{ yLP(z;) =0  (RHP zeros) { v.. TM(z) =0
¥p, P(pj) =00 (RHP poles) M)y, = Yo,

Achievable closed-loops satisfies interpolatory conditions at the RHP poles and zeros
Is the system stable or unstable?

Plant
of - -Stable projection
| —Antistable projection|
T ]

Plw) = Py(w) + Pas(w) g™
L‘,Q = Hz @ Hé_ g-so

lag

10 107! 10°
Frequency (Hz)

Achievable performance of multivariable systems with unstable zeros and poles, Havre, Skogestad, 2001.
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Step 1: Building a reference model
{ yZP(zi) =0 (RHP zeros) { yzLTM(‘zi) =0
M(p;)¥p, = ¥p,

¥p,P(pj) =00 (RHP poles)
Achievable closed-loops satisfies interpolatory conditions at the RHP poles and zeros
Is the system stable or unstable?

I I Plant
of - -Stable projection }»
|—Antistable projection|
Plw) = Pylw) 4+ Puslw) T ]
Eg = Hz 7] Hé_

The system is unstable.

Magnitude (dB)
8 5 5 8 8

\.
S

&
8

10 107! 10°
Frequency (Hz)

Achievable performance of multivariable systems with unstable zeros and poles, Havre, Skogestad, 2001.

9/32 Model-free closed-loop stability analysis: A linear functional approach, Cooman, Seyfert, Olivi, rLapIace



Step 1: Building a reference model ‘
{ yZTiP(zi) =0 (RHP zeros) { yZLTM(kzz-) =0
¥p,P(pj) =00 (RHP poles) M(pj)ypj =V

Achievable closed-loops satisfies interpolatory conditions at the RHP poles and zeros
Is the system minimum phase or not?

Achievable performance of multivariable systems with unstable zeros and poles, Havre, Skogestad, 2001.
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Step 1: Building a reference model
{ yZP(zi) =0 (RHP zeros) { v, TM(z,) =0
M(p;)¥p, = ¥p,

¥p,P(pj) =00 (RHP poles)
Achievable closed-loops satisfies interpolatory conditions at the RHP poles and zeros
Is the system minimum phase or not?

Ly p=l(, -1 _ ~T
P (w) =P, (w) + P, (w) of

The system is minimum phase.

Magnitude (dB)

Plant's inverse
- -Stable projection
|—Antistable projection

107 107 10°
Frequency (Hz)

Achievable performance of multivariable systems with unstable zeros and poles, Havre, Skogestad, 2001.

10/32 Model-free closed-loop stability analysis: A linear functional approach, Cooman, Seyfert, Olivi, rLaplace



Step 1: Building a reference model

{ yIP(z) = 0

{ v "M(z) =0 k
YPjP(pj) =00

M(p;)yp, = Yp;

Where are the system’s instabilities?

Estimating unstable poles in simulations of microwave circuits, Cooman, Seyfert, Amari, 2018.
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Step 1: Building a reference model

{ yZ;P(ZZ) =0 N { yz,,TM(Z’i,) =0
¥y, P(p;) = o0 M(p;)y,, = Yp;

Where are the system’s instabilities?

Principal Hankel Component analysis on P,

P(z,;u) = PS(ZOJ) + Pas(lw)

10g10(0 /T nar)

0 10 20 30 40 50
i-th singular value

Estimating unstable poles in simulations of microwave circuits, Cooman, Seyfert, Amari, 2018.
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Step 1: Building a reference model

{ sz,.P(Zi) =0
YPjP(pj) =00

{ yz,,TM(Z’i,) =0
M(p;)yp, =¥n,

Where are the system’s instabilities?

Principal Hankel Component analysis on P,

Pluw) = Pslw) + Pgs(w) 0
[_) = Hz b Hé‘ 2
E -6
» Estimated RHP poles : is
1.07 x 1074 £ 0.852 x 1072 0
-12
» RHP poles (direct search): 4
0.99 x 10~4 £ 0.89 x 10-2
0 10 20 30 40 50

i-th singular value

Estimating unstable poles in simulations of microwave circuits, Cooman, Seyfert, Amari, 2018.
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Step 1: Building a reference model

{ yIP(z) =0 = { V=i M(zi) S0
yp,P(pj) = o0 M(p;)yp, = ¥p,

How to choose the reference model accordingly‘?

- >3 Laplace




Step 1: Building a reference model \

Yo, Pps) = o0 M(p;)ys, = ¥y,

How to choose the reference model accordingly?
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Step 1: Building a reference model

(vipeo=o [CymCi=0
yij(pj) =00 M(pj)ij = Yp;

How to choose the reference model accordingly?
n

1 By(s)=|] =—*
Trrs 7018 o1 8P

Vi=1...n,, Bp(p;) =0

Minit(s) =

| M =1—(1— Myuit)B, |

Vw, |By(jw)| =1
Causality of the controller: The relative degree of the reference model cannot be smaller
than the relative degree of the system.
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Step 1: Building a reference model

{ yLP(z) =0
yij(pj) =

= { v..TM(z) =0

M(p;)yp, = ¥p,

How to choose the reference model accordingly?
n

1 By(s) =[] —+
Trs 118 15 TP

Vi=1...n,, Bp(p;) =0

Minit(s) =

(M =1—(1— Minit) By |

Vw, |By(jw)| =1
Causality of the controller: The relative degree of the reference model cannot be smaller
than the relative degree of the system.

{P(iw;)} M—[Appmximate K* ]—-[Reduction of K]

performant Loewner interpolation Under internal
AND reachable stability constraint

(Instability estimation)
12/32 3% Laplace




Interlude: the Loewner framework

- g\y) = wi =L,k
Find g such that ; - —
& { g(/J"L) = Vy ’L:L"'aq

Lagrangian form

k . .

g( ) Zj1:1 E’_VZ
)= ———

k cj
Z.jll:]- 1S—J>\j

A tutorial introduction to the Loewner framework for model reduction, Antoulas et al. (2017).
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Interlude: the Loewner framework

. g\) = wi, =1k
Find g such that |
& { g(/J"L) = Vy ’L:L"'aq

Lagrangian form
Null space

k . .

P

gs) = Le=0
PO ey w

A\

Cc1
Loewner matrix c— 0.2 cch
L € CI%¥ :
. . Ckl
(L)iy = =21
Wi —Aj

v

A tutorial introduction to the Loewner framework for model reduction, Antoulas et al. (2017).
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Interlude: the Loewner frameworl NS
Objective: Find (E,A,B,C such that for/ja\s‘et ofinterpo‘lgti:q‘n;

{ Exiéx +Bu points {si}
y=x Vi, H()\l)rz = W;
H(S) = C(SE - A)ilB Vj, IJI:I(,U,J) = Vj
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Interlude: the Loewner frameworl N\
Objective: Find (E,A, B, C) such that for a set of interpolation

{ Exiéx + Bu points {si}
y=Lx Vi, H()\i)l‘i = W;
H(s) = C(sE—A)"'B Vi, LH(u,) = v;

> I, L, Vand W are data matrices
> Model order reduction based on SVD of the pencil (L, L;)

virs — Low. wivit; — A Liw;
L), » — it NI L), = HiYiti jLiWj
( )w i — X ( S)m i — A

—Lx=-L,X + Vu
y=Wx

. 3% Laplace




Interlude: the Loewner frameworl
Objective: Find (E,A, B, C) such that for a set of interpolation

{ Exiéx + Bu points {si}
y=Lx Vi, H()\i)ri = W;
H(s) = C(sE—A)"'B Vi, LH(1,) = v;

> I, L, Vand W are data matrices

> Model order reduction based on SVD of the pencil (L, L;)

vir; — Liw; Vil — A\jLiw;
(L);; = = 0Wi ), = BT Z AWy
% X Hi = A Wi = Aj
—Lx=-L,x+ Vu
y=Wx > Factorization in terms of the tangential generalized

controllability R and observability O matrices:

L=-OER L;=-0OAR V=CR W=0B

. AR+BR=ERA  OA+LC =0 aplace




NTTTThnNHg
Step 2: Controller identification and reduction =
Objective: obtain a rational model K = (E, A, B, C, D) such that: N

M (ywi)

Vi=1...N,K(uw;) = K" (uw;) = P(gwi)(1 — M (gu;))-
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Step 2: Controller identification and reduction
Objective: obtain a rational model K = (E, A, B, C, D) such that:

- * M (Jwi)
Vi=1...N,K(w;) = K*(w;) = :
P(gwi)(1 — M (gw;))
10° - -
—Normalized SVD of the Loewner matrix| 90 Kis
—McMillan order r = 182 - K,
80 K
< - K
=
: g \,
: 2 A
E £ 60 P
Z E RN
S o IFa
5 = 50 i e
2 0 '
4 \
10715 . \
30 Ve » =TT
100 200 300 400 500 10° 10 107 10°
i-th sinular value

Frequency (rad/s)

Figure: SVD of L. Figure: Obtained controllers.
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Step 3: Closed-loop stability analysis

{P(iw;)} M—'[Appmximate K* ]—-[Reduction of K] ——

performant Loewner interpolation Under internal

AND reachable stability constraint
(Instability estimation)
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Step 3: Closed-loop stability analysis

{P(iw;)} M—{Appmximata K* ]—_[Reduction of K] —=

performant Loewner interpolation Under internal
AND reachable stability constraint
(Instability estimation) X
Reference model M Resulting closed-loop
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Step 3: Closed-loop stability analysis

{P(la)l)} —)[W—[Appm)qmate K* ]—-[Reductlon of K] :

performant Loewner interpolation Under internal

AND reachable stability constraint
(Instability estimation)

Controller modelling error A

Reference model M

System T

Reference model M
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Step 3: Closed-loop stability analysis

{P(iw;)} —-[W—[Appmmmate K* ]—-[Reductlon of K]

performant Loewner interpolation Under internal

AND reachable stability constraint

(Instability estimation)

Controller modelling error A

Reference model M

System T

Reference model M

Application of the small-gain theorem

The closed-loop is well-posed and internally stable for all stable A = K — K™ such that ||A||e < 8 if

and only if [|(1 = M)Plle < %

16/32 Data-driven controller validation, Van Heusden, Karimi, Bonvin, IFAC Proceedings, 2009.
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Step 3: Closed-loop stability analysis

Controller modelling error A

System T

Reference model M

» Limiting the controller modelling error allows
to ensure closed-loop internal stability!

”KT _K*”oo S B

~ max |(1 — M (w;)) P (ww;)

|~

17/32
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Step 3: Closed-loop stability analysis

Controller modelling error A

.
i
'
T
'

y

2500
2 te-Controller modelling error|
= |—Estimated limit 5"

5

ST — Y T T ————~ N | 2000
I ! =
— System =

| : £ 1500
: ; ¥

N e e ' = 1000
Reference model M g

% 500

» Limiting the controller modelling error allows 0

. .- 10 20 30 40 50
to ensure closed-loop internal stability! Order 7 of the controller K

K, — Ko <
1K loo < 8 > We can reduce uptor =7

~ max |(1 — M (w;)) P (ww;)

- >3 Laplace

|~




Step 3: Closed-loop stability analysis

Controller modelling error A

2500

.
i
'
T
'
y

te-Controller modelling error|

—Estimated limit 5

Koo

System T

Reference model M

N
o
S
S

1500

1000

500

Controller modelling error || K

o

» Limiting the controller modelling error allows
. .. 10 20 30 40 50
to ensure closed-loop internal stability! Order 7 of the controller K

K, — Ko <
1K loo < 8 > We can reduce uptor =7

> Conservative criteria!
~ max |(1 — M (w;)) P (w;)

- 3% Laplace
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Alternative closed-loop stability anaIyS|s
H(jw;) = P(gwi) Kr (i)

1+ P(jw;) Ky (yw;) =
1st option
0 m.—/_\\ |
)
= -501
) —Resulting closed-loop using K
"S - -Stable projection
'E \—Antistable projection
o0
=
= -100
-150

Frequency (Hz)

Model-free closed-loop stability analysis: A linear functional approach, Cooman et al., 2018
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Alternative closed-loop stability analysis
H(jw;) = P(yw;) Ky (gw;) NN
Jwi 1+ P(ywi) Ky (yw;)

1st option

2nd option
Ow—-—“*’/\\‘\ 1. Loewner interpolation: H (jw;) = H (jw;)
= '
= 50 .
) —Resulting closed-loop using K 3
'S - -Stable projection |
'E \—Antistable projection )
o0 '
= '
= -100 |
-150 :

102 107
Frequency (Hz)

Model-free closed-loop stability analysis: A linear functional approach, Cooman et al., 2018

Interpolation-based infinite dimensional model control design and stability analysis, Poussot, Kergus, Vuillemin, 2020.
18/32

Pss-1 Laplace




18/32

Alternative closed-loop stability analysis

 P(w) K (i)
H(jw;) = 1+ P(jw;) Ky (yw;)

1st option

2nd option
0“*’/\\‘\ 1 1. Loewner interpolation: H (jw;) = H (jw;)
; 2. Stable projection on RH
g ol v H, = arg min ||H — H||O<J
) —Resulting closed-loop using K l“ HeSn,nz mo
'S - -Stable projection |
'E \—Antistable projection )
2
= -100 4
-150 :

102 107
Frequency (Hz)

Model-free closed-loop stability analysis: A linear functional approach, Cooman et al., 2018

Interpolation-based infinite dimensional model control design and stability analysis, Poussot, Kergus, Vuillemin, 2020
On the closest stable descriptor system in the respective spaces R Ho and RH oo, Kohler, 2014,

P22 Laplace




18/32

Alternative closed-loop stability analysis

 P(w) K (i)
H(jw;) = 1+ P(jw;) Ky (yw;)

1st option

2nd option
0“*’/\\‘\ 1 1. Loewner interpolation: H (jw;) = H (jw;)
‘ 2. Stable projection on RH
5 sl . H, = arg min ||H — H||O<J
) —Resulting closed-loop using K 1 HeSn,nz mo
'S - -Stable projection !
= \—Antistable projection ’ A~ A~
5 i g 3. Stability index S = || H, — H]
= -100 1
|S = 435111079
-150 -

102 107
Frequency (Hz)

Model-free closed-loop stability analysis: A linear functional approach, Cooman et al., 2018

Interpolation-based infinite dimensional model control design and stability analysis, Poussot, Kergus, Vuillemin, 2020
On the closest stable descriptor system in the respective spaces R Ho and RH oo, Kohler, 2014,

P22 Laplace




Results

10 : ' 4.1 : : . . o

=}
»
o
)

s
o
»
o
©

Magnitude(db)
N}
o
Solute concentration ¢
»
<)
N

-30 4.06
-40 4.05
50 4.04 ‘ : w i —
10° 10° 10! 10° 0 100 200 300 400 500
Frequency (rad/s) Time (s)
Figure: Closed-loop transfer functions. Figure: Time-domain simulation.

. >3 Laplace




Results

10

Magnitude(.

Figure: Closed-loop transfer functions.

= Impact of the complexity-accuracy trade-off

19/32

102 10" 10°
Frequency (rad/s)

>
-
=

BN

o
N

p

»
o
©

’
\

» » »
o o o
& J &

Solute concentration ¢

»
o
a

»
o
=

|—Plant
— K
- K,

100

200 300
Time (s)

400 500

Figure: Time-domain simulation.

Pss-1 Laplace




Results

10

-101

-201

Magnitude(db)

=307,

40 - K

-50

Solute concentration ¢

10°

Figure: Closed-loop transfer functions.

= Impact of the complexity-accuracy trade-off

BN

ER

>
o
IS

>
o
=3

>
<)
<

>
1=}
>

4.04
0

—Plant,
— K

- K,
= -PID

100 200 300
Time (s)

400 500

Figure: Time-domain simulation.

— Impact of the reference model (comparison with a robust PID)

10/32 Structured H control of infinite-dimensional systems, Apkarian and Noll, 2018.

> Laplace




Results

10

4.11
41t ~
o
o PSR =
£ 4.09 e
— 2 { ’
< = 4.08
53 3 4.07
2 s
= - ]
= 4.06 [—Plant
[} — K
4.05 e
K}
-3 -2 -1 0 4.04 . :
10 10 10 10 0 100 200 300 400 500
Frequency (rad/s)

Time (s)
Figure: Closed-loop transfer functions. Figure: Time-domain simulation.
= Impact of the complexity-accuracy trade-off

— Impact of the reference model (comparison with a robust PID)

10/32 Structured H control of infinite-dimensional systems, Apkarian and Noll, 2018. )& Laplace




Conclusion

T
-
(High-order syster P) fahone The Loewner framework can be used-as a central tool for

the control of infinite dimensional transfer functions.

(Use P] (Use reduced-model Pr] . (Use data)
; \ 4
E[High—order K] [Low—order K,)
MOdEI_basedcontmI ................. S —

20/32 3% Laplace




Conclusion
e
lgh-order system anre The Loewner framework can be used as a central tool for

the control of infinite dimensional transfer functions.

(UseP] (Use reduced-model Pr] (Use data)

A\ 4

[High—order K] [Low—order K,) Low-order K,

Model-based control Data-driven control

Model-based design L-DDC
Method more steps direct
Controller structure | fixed order/poles linear

Specifications flexible not flexible

(robust) (only stability)
Stability guarantees for P, conservative
or not embedded
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Reality
Parameter Noise,
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Approximation error,
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The Loewner framework in the 1-D Case

- g\) = wj, j=1..,k
Find g such that , A
® {g(ui) = v, i=1,...,¢

Lagrangian form

k . .
Zj1:1 E’_VZ
g8(s) ===

D=1 T

A tutorial introduction to the Loewner framework for model reduction, Antoulas et al. (2017).
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The Loewner framework in the 1-D case

: g(rj) =
Find g such that
& { g(pi) =

Lagrangian form

k . .

g( ) Zjl:l ?—Vf\i
)= ———

k cj
Z.jll:]- 1S—J>\j

Wi, 7= L\
vi, t=1,...,9

4
Loewner matrix
L € Ca*k
Vi — W
(L) = ——
Hi — Aj )

Null space
Le=0
C1
c= 0:2 e Ch
e

23/32

A tutorial introduction to the Loewner framework for model reduction, Antoulas et al. (2017).
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Extension to the 2D case

Find g such that { g(l)\ll ’ 2)\/2) = Wji,j2s jl = 17 ceey klv ]2:17“11{;2) ~
g(llliuzlui_)) = Vil,iga ilzla"'aqla i2:1a"'aq2

Loewner matrix

Ly € CQIQQXklk?Q
1,02 Viiio — Wii,j2

Jg2 Cpeiy = TN50) Gy — 205,)

gl,l...qg 1,1...q2
1,1...k2 et k1,1...k2

Lop =

q1,1...q2 q1,1...q2
el,l...kz e ekl,l...kz

Data-driven parametrized model reduction in the Loewner framework, lonita and Antoulas (2014).
24/3Qn two-variable rational interpolation, Antoulas, lonita, Lefteriu (2012). Lap Iace




Extension to the 2D case

1 2 _ s
g( iy s /‘iz) = Viyig, 11 =

1 : 2 : = : . 1 =
Find g such that { g( )\JH')\JZ) Wiig2s J1

Loewner matrix

Ly € CQ1Q2Xk1k2
1,02 Viiio — Wii,j2

Jg2 Cpeiy = TN50) Gy — 205,)

RN —
15"'7q15 i2:1a"'aq2

Null space

span (co2p) = N(Lap)

gl,l...qg 1,1...q2
1,1...k2 et k1,1...k2

Lop =

q1,1...q2 q1,1...q2
el,l...kz e ekl,l...kz

C2p =

Data-driven parametrized model reduction in the Loewner framework, lonita and Antoulas (2014).

24/39n two-variable rational interpolation, Antoulas, lonita, Lefteriu (2012).

C1,ky

C1,1

c (ckl k2

Cky,1
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Extension to the 2D case

o B
Find g such that { i( )\/",)‘ ) = Wi J1=

Hiy ,”H) = Vijig 11 =

Loewner matrix

Lo € CQ1(I2X’€11€2
’i1,i2 _ Vi1,i2 - wjlij
1,92~ (1, . 2. .
102 ( Hiy — 1/\,71) ( iy — 2/\,72)

kl» ]2-—1

span (ca2p)

y C1,1

Lagrangian form

Cjq o Wi,

Zgl—l Z]g_ ( Jl Jz)(];izz)\jz)
Cit g

Zh_l 2]2_ ( .1'3(3223_2)\/2)

g(lsv 8) =

C2p =

Ckq,1

Data-driven parametrized model reduction in the Loewner framework, lonita and Antoulas (2014).

24/3Qn two-variable rational interpolation, Antoulas, lonita, Lefteriu (2012).

k:
15"'7q17 7’2:1a"'aq2

Null space

C1,ky

- N(ILQD)

c (ckl k2

) % Laplace




The general n-D case

CF x CH x ... x Ckn x Ctn x Chita)xx(kntan) _y COXK
(1/\j17 l:u’iu s ,n)\jw ”,Ufn ) taan) — Lnp
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The general n-D case

CF X CN x ... x CFn x CI» x Clrta)xx(kntan) 5 COXK
(l/\jl, l/1;1, s Ny i taan) — L.p

The curse of dimensionality

nD c (CQXK

QO =q1qo...q, and K = kiko ..k,

25/ >3 Laplace




Taming the curse of dimensionality

> [terative solution based on variable decoupling

Zkh’w Ci1.92Wi1.d2

5 ) B J1,52=1 (1571)\71)(23*2/\72) g(13,2)\k) =

numz, (1s)
g('s,’s) =

ky k Ci1.g 1 L L
Ejll,j; (15—1/\“]3{223—2)\_,2) 7T2)\k( 3) 211:1 (15_1/\j1)

Vk=1...ky, N(L2y,) =span(cip ... Cky k)

On the Loewner framework, the Kolmogorov superposition theorem, and the curse of dimensionality, Antoulas,

Gosea, Poussot-Vassal (2024).
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Decoupling process

N(L2p) = eop = | 11 W P Chy s )
r 2 2 2 T r 2 2 2 T
S1 S9 S A1 A2 ko
1 1
S1 hl,l hl’g e hl,m )\1 C1,1 C1,2 e Cl,kz
1 1
tabop = | s2 | heq h22 ... hom Ao | e21 ca2 ... Copy
1 1
L Sn h’n,l hn,2 hn,m ] L )‘kl Ck1,1 Cky,2 -+ Chkyko |

On the Loewner framework, the Kolmogorov superposition theorem, and the curse of dimensionality, Antoulas,
Gosea, Poussot-Vassal (2024).
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Decoupling process

T
N(]LQD) =Cop = [ 6171 . Cl,kg ‘ . ‘ ckl,l AN Ckl,kz :|
B 2 2 2 T B 2 2 2 T
S1 S92 PN Sn )\1 )\2 o )\k2
1 1
S1 h1,1 h1’2 e hl,m )\1 C1,1 C1,2 e Cl,kz
1 1
tabQD — S92 h2’1 h272 ce hgym )\2 C2.1 C2,2 e G2k
1 1
L Sn hn,l hn72 e hn’m i L )‘k1 Ckl,l Ck1,2 e Ckth i

> Without decoupling: 1 2D problem with L, p € C7192xk1k2
» With decoupling: k; 1D problems with L;p € C%**2 and 1 with L;p € C1*k

On the Loewner framework, the Kolmogorov superposition theorem, and the curse of dimensionality, Antoulas,

Gosea, Poussot-Vassal (2024).
3% Laplace
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Taming the curse of dimensionality

log-log scale
Full n-D Loewner vs. Cascaded n-D Loewner3 0 (o) Computational issue
10250 - O(N‘) . n= . '
—.ov) 2.29 (n=2) () x K matrix SVD flop is
200 === O(N.log(N)) 1.94 (n=3) > QK2 (f Q K)
10 ’ 1 >
=y 3 /-
10150 e ) > N (If Q =K = N)
o, P y
a // 1.50 (n=6)
2 .
1010 7 150 w=10) Storage issue
e 1.15 (n=20) . . . .
— () x I matrix storage is
10%° ‘”',,.--“' 1.10 (n=30)
108 (n—40) » in real double
A ‘ o 08 (=80) » in complex double
10" 10* 10%° 10%° 10% 10%° 10%° p )

n-D Loewner matrix dimension

On the Loewner framework, the Kolmogorov superposition theorem, and the curse of dimensionality, Antoulas,
Gosea, Poussot-Vassal (2024).
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Connection to the Kolmogorov Superpositio\ni Theorem

Kolmogorov, Arnol’d, Kahane, Lorentz, and Sprecher

For any n € N, n > 2, there exist real numbers A, ..., A, and continuous functions
P:I— R, k=1,...,2n + 1, with the property that for every continuous function
f: 1" — R, there exists a continuous function g : R — R such that:

2n+1

V(@1 wn) €17, (@1, 20) = > g®k(@1) + - + AnPr(zn))
k=1

Hilbert 13: Are there any genuine continuous multivariate real-valued functions?, S. Morris, (2021).
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KST-like representation for rational functions

» Thanks to the decoupling process, one can write :

Ci1,92Wit,d2
2]1—1 Z]Q 1 (S—I)\“)(t—BAJ‘Q)

Ci1,92
DD i (C=E =)

Bary? Bary!
231—1 2]2 1 exp ( logwy, j, +|0gﬁ +lo ﬁ)

- ary? Bary®
231,1 Z =1 &XP (Iog( |;1 ) + log (t_z)jz))

H(s, t)=

» Composition and superposition of one-variable functions

On the Loewner framework, the Kolmogorov superposition theorem, and the curse of dimensionality, Antoulas,
Gosea, Poussot-Vassal (2024).
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Connection with neural networks

‘ NN with barycentric activation functions and product/sum ‘

KAN: Kolmogorov-Arnold Networks, Liu et al. (2024). )ﬁ
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KST KAN
H]EIC‘)btehn Decoupling
Finite
_Param.
simulation

Infinite

Lin,

PDE
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